We study the behavior of exciton polaritons in an optical microcavity with an embedded semiconductor quantum well. We use two-component exciton-photon approach formulated in terms of path integral formalism. In order to describe spatial distributions of the exciton and photon condensate densities, the two coupled equations of the Gross-Pitaevskii type are derived. For a homogeneous system, we find the noncondensate photon and exciton spectra, calculate the coefficients of transformation from the exciton-photon basis to the lower-upper polariton basis, and obtain the exciton and photon occupation numbers of the lower and upper polariton branches for nonzero temperatures. For an inhomogeneous system, the set of coupled equations of the Bogoliubov-de-Gennes type is derived. The equations govern the spectra and spatial distributions of noncondensate photons and excitons.
I. INTRODUCTION
In the last two decades there has been extensive work on Bose-Einstein condensation in the system of two-dimensional exciton polaritons in optical microcavites (see the reviews [1] [2] [3] [4] and the references therein). The profound investigation of properties of the polariton system has taken place [5] [6] [7] [8] [9] [10] [11] [12] [13] . Bose condensation has been demonstrated [14] [15] [16] [17] [18] [19] [20] [21] and many features of the polariton Bose condensate such as superfluidity 22, 23 , vortices [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] and solitons [36] [37] [38] [39] formation were studied, and have been shown to have specific character in the non-equilibrium spatially inhomogenious system of exciton polaritons. Recently, novel phenomena such as ballistic transport over macroscopic distances 40, 41 , spontaneous oscillations [42] [43] [44] , Josephson-like effects [45] [46] [47] [48] [49] [50] [51] , optical Aharonov-Bohm 52 and spin Hall effects 53 are actively discussed.
Most authors of theoretical works use, explicitly or not, the conventional approach consisting of the following steps: one writes out the Hamiltonian of the system including exciton and photon creation and annihilation operators, performs the Hopfield canonical transformation from the exciton-photon to the lower-upper polariton basis, neglects the upper polariton branch as empty at low temperatures, and regards polaritons on the lower polariton branch as a dilute Bose gas weakly interacting via the exciton component. Such an approach allowing the straightforward application of the Bogoliubov theory has led to a great amount of important results (see the broad review of the approach in Ref. 4 ). However, this approach has two serious shortages. The first one is the neglection of the upper polariton branch. It is quite justified at the temperature range of a few degrees Kelvin which takes place in up-to-date experiments. Though, as many authors have noted, Bose condensation of polaritons is so attractive due to extremely high transition temperature being the effect of very small polariton effective mass. Already for nitrogen temperatures, the upper polariton branch occupation is not fully negligible. Second and more serious shortage of the conventional approach is that the canonical transformation from the photon-exciton to the polariton basis is performed in the momentum space and hence it requires the spatial uniformity or quasi-uniformity of the system.
With the up-to-date traps having dimensions of the order of dozen microns [59] [60] [61] [62] [63] [64] , one can perform the canonical transformation at each point in space in the frame of the quasi-classical approximation. However, latest experiments have studied systems already with micron dimensions [65] [66] [67] and it is likely that the trend of miniaturization will go further. Besides, the Bose condensed system can exhibit topological defects such as vortices and solitons [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] . The exciton and photon healing lengths, which determine the spatial scales of these defects, are of the order of micron. Thus, starting from the micron scale the conventional approach becomes nonapplicable. Moreover, polariton as a well defined quasiparticle at this scale does not make sense.
In this paper, we study the behavior of exciton polaritons in the framework of a two-component excitonphoton approach. The exciton and photon components are described as independent quantum fields interacting via Rabi splitting. Bose condensation leads to the appearance of the two coupled exciton and photon condensates. In the mean field approximation this approach has been used, for example, in Refs. 34, 35, [54] [55] [56] . The authors of Refs. 22, 57 have gone beyond the mean field approximation and calculated the energy spectrum of noncondensate photons and excitons.
We analyze the equilibrium Bose condensed polariton system without pumping and photon decay from the cavity at nonzero, but sufficiently small temperature. These effects were studied in the two-component approach in Ref. 57 . Moreover, we do not take into account the spin degree of freedom of polaritons.
The approach is formulated in terms of path integral formalism for the following reasons. First, this formalism allows the study of both condensate and non-condensate parts of the system from the unified point of view. The second advantage is the use of coherent states, which are the natural choice for an exploration of quantum properties of light emitted from the polariton system. After all, the method involves Matsubara technique and hence it is proved to be effective for a study of the polariton behavior at nonzero temperatures. The application of the path integral method to a weakly interacting condensed Bose gas can be found in the excellent review by Stoof 58 . The paper is organized as follows. In Section II we describe the geometry of the polariton system and introduce the exciton and photon one-particle eigenstates. In Section III we write the partition function of the system as a path integral, which contains an action fully describing our system. The exciton and photon quantum fields in the path integral formalism are c-number fields written in the basis of coherent states. In Section IV we turn to the Bose condensed polariton system and write out both exciton and photon fields as a sum of the order parameter and fluctuations around it. The part of the action, which does not contain fluctuations, is the Pitaevskii-like functional. Its minimization leads to the two coupled equations of the Gross-Pitaevskii type. These equations give the description of the system of the two coupled condensates in the mean field approximation. We analyze the properties of the obtained equations and find the conditions of equivalence between the one-component and two-component approaches. In order to explore the noncondensate part of the system, in Section V we analyze the quadratic in fluctuations part of the action. The most important result here is the canonical transformation from the exciton-photon basis to the lower-upper polariton basis. This transformation incorporates both the Hopfield polariton transformation and the Bogoliubov transformation for weaklyinteracting Bose gas. Moreover, we obtain noncondensate particles energy spectra and calculate exciton and photon occupation numbers for lower and upper polariton branches at nonzero temperatures. In Section VI we derive the set of coupled equations of the Bogoliubov-deGennes type. This equations govern the energy spectra and spatial distributions of the noncondensate excitons and photons in a spatially inhomogeneous system.
II. GEOMETRY AND ONE-PARTICLE EIGENSTATES
We study a system of exciton polaritons in a semiconductor optical microcavity with an embedded quantum well. In the simple case when the quantum well possesses in-plane translational symmetry, energy spectrum of excitons in the region of small in-plane momenta has the form
where ε is the dielectric constant of the medium, ε ex (0) = 2m ex e 4 /ε 2h2 is the 2D exciton binding energy, m ex = m e +m h is the 2D exciton mass, and m e and m h are the effective masses of an electron and a hole, respectively.
An external confining potential V ex (x) for excitons in the quantum well can be created. Experimentally, there are several methods to realize the confinement of excitons. One of them is the exciton energy shifting using a stress-induced band-gap shift 17, 59, 62 . We assume one-particle eigenstates describing noninteracting excitons confined by the external potential V ex (x) to be found from the time-independent Schrödinger equation
The set of solutions χ n (x) is orthonormalized
and full
In the case of the planar microcavity the photons in the region of small in-plane momenta have the following dispersion:
Here m ph = πh √ ε/cL is the effective photon mass. We consider the lowest state n = 1.
There are several experimental approaches to realize the confinement of photons 63 . It is, for example, creating a special dielectric permittivity profile inside the cavity which would lead to photon localization, or making a trap for photons based on special shaping of the microcavity width L(x) (up to creation of a finite system limited by mirrors from all sides). In this case the effective photon mass m ph and the first term in (5) become functions of coordinates. As a result, the following oneparticle problem arises for photons in the microcavity with a nonconstant width L(x):
We will assume microcavities to possess in-plane translational symmetry, and will not consider microcavities with photon confinement, i.e. m ph (x) = m ph = const. The one-particle problem for photons reduces to
Similarly to the above exciton one-particle eigenstates, we assume the set of solutions of this problem to be orthonormalized and full
III. ACTION AND FREE-FIELD GREEN'S FUNCTIONS
In the functional approach, the grand-canonical function of the exciton-photon system is the functional integral
where the action S consists of four terms
describing excitons, photons, Rabi splitting and interexciton interaction, respectively:
Here χ(x, τ ) and ψ(x, τ ) are the field operators written in the basis of coherent states and hence they constitute c-number functions connected with χ n (x) и ψ n (x) via relations
with the coefficients of expansion χ n (τ ) and ψ n (τ ) dependent on time.
We include the detuning E 0 between the exciton spectrum ε ex p = E 0 + p 2 /2m ex and photon one ε ph p = p 2 /2m ph into S ex and consider E 0 > 0. Further we will assume the exciton interaction to have the approximate form
where
or, equivalently, (4) and using the equality
we obtain
The solution of the equation (19) reads
Since the functions G −1 ex(0) and G ex(0) are mutually inverse, they obey the relation G ex(0) G −1 ex(0) = I, where I is the unity matrix. In coordinate space, this relation has the form
Similarly, S ph [ψ, ψ] can be written as
This equation is equivalent to
IV. COUPLED GROSS-PITAEVSKII-LIKE EQUATIONS
We now turn to the Bose condensed exciton-photon system. Let us introduce the time independent order parameters χ 0 (x) and ψ 0 (x) as
where χ ′ (x, τ ) and ψ ′ (x, τ ) are the fluctuations of the exciton and photon quantum fields around the order parameters χ 0 (x) and ψ 0 (x). We shall use the Bogoliubov approximation assuming χ
we confine ourselves to the case of low temperatures.
Substituting the definitions (30) into the action given by (11) and rearranging the derived terms according to their orders in χ ′ (x, τ ) and ψ ′ (x, τ ), we obtain the following results.
The zeroth-order part of the action is given bȳ
and has the form of the Pitaevskii functional. According to the semiclassical method, the functional reaches its minimum at functions χ 0 (x) and ψ 0 (x), for which the functional variation vanishes. Equivalently, we can set the part of the action linear in χ ′ (x, τ ) and ψ ′ (x, τ ) equal to zero. As a result, we obtain the set of coupled stationary equations analogous to the GrossPitaevskii equation:
These equations provide a minimum of the functional (31) and describe the system of the two coupled condensates in the mean field approximation. Let us discuss the derived equations by considering first the homogeneous case V ex (x) = 0. In the absence of the Rabi splittinghΩ = 0, the chemical potential of excitons equals µ = E 0 + V 0 n ex 0 , same as for the conventional one-component Bose condensed gas. Here we introduced the exciton condensate density |χ 0 | 2 = n ex 0 . It is known that the Rabi splitting leads to the appearance of the two branches in the energy spectrum, which are referred to as the lower and upper polariton states (below we denote them by superscripts "L" and "U"). The chemical potential is equal to
In both cases the solution of the set of equations (32) has the form
For the lower polariton state, the exciton and photon condensate phases differ by π, since the chemical potential is always negative. For the upper polariton state, the exciton and photon condensate phases coincide and the chemical potential is positive. The energy of the homogeneous system per unit area, as it follows from (31), can be calculated as follows:
where n ph 0 = |ψ 0 | 2 is the photon condensate density. Thus, when the homogeneous exciton-photon system is the condensate of lower polaritons, it has the minimal energy E (L) . When the system is the condensate of upper polaritons, it has the maximal energy E (U) . The difference between these energies per one particle is the energy of Rabi splittinghΩ (in the limit of low density). The energies of the uniform states, for which phases of the exciton and photon condensates differ by a value ranging from 0 to π, are situated within the inter-
. Such states are time-dependent, since the exciton and photon condensates cyclically turn into each other, i.e. a kind of the internal Josephson effect takes place. We shall discuss these states elsewhere 56 . Here we confine ourselves only to the study of the lower polariton branch with the energy E (L) , omitting further the superscript "L" for shortness.
Substituting Eq. (34) into (35), we get the connection between the energy and the chemical potential
We introduce the polariton condensate density as the sum
Substituting Eq. (34) into (37), we find the connection between the polariton condensate density and the chemical potential
With the help of Eqs. (36) and (38) we can easily prove that ∂E/∂n P 0 = µ, i.e. the chemical potential is equal to the change in the energy as one extra polariton is added to the system. The fact that µ < 0 means that the energy always decreases. It is worth pointing out that the expressions (34) could be obtained from the condition that the energy has a minimum at a fixed value of chemical potential (∂E/∂n ex 0 ) µ = (∂E/∂n ph 0 ) µ = 0. As it is seen from (34), in the limit of large density µ → 0 the polariton condensate becomes mainly photonic one, and the energy is now connected with the density by the relation (32) , describing the photon condensate, possesses the spatial scale which plays a role of the healing length and equals
The length ξ ph has a minimal value in the limit of zero density and increases with the chemical potential.
For the upper equation in (32) , describing the exciton condensate, the healing length equals
and increases with the chemical potential as well.
It is important to point out that the relation m ph /m ex ∼ 10 −4 observed typically in experiments causes the following inequality
Let's now study the conditions of the equivalence of the two-component exciton-photon and one-component polariton approaches. These approaches are obviously equivalent in the homogeneous case, when ψ 0 = (hΩ/2µ)χ 0 , n P 0 = |ψ 0 | 2 + |χ 0 | 2 . We expect these local relations to be valid also in the case of smooth densities change. We rewrite the lower equation in (32) in the integral form using the fact that the MacDonald function K 0 (x) (see, for example, 69 ) is the Green's function of the equation. Thus we have
Here we introduced the dimensionless vector r = x/ξ ph . Taking the asympotics K 0 (x) ≈ π/2xe −x valid for x → ∞ into account, we can expand the smooth function χ(r ′ ) in a power series in the vicinity of r ′ = r and keep only the first terms
where s = r ′ − r. We substitute this expansion into (42) and integrate it with respect to ds = s ds dϕ. Here it is convenient to use the integral formula for the MacDonald function
As a result, the gradient term and the term containing the second mixed partial derivative vanish after the integration with respect to the angle dϕ, and we obtain
where ∆ is the Laplace operator. Therefore the condition that determines the applicability of the local relations between particles densities is
which means that the relative exciton density change must be small on the scales comparable to the photon healing length.
In topological structures such as vortices and solitons, the exciton density changes considerably on the scales of the exciton healing length. The same picture takes place near the boundaries of the condensate confined by the box potential. In all these cases the one-component polariton approach is not applicable.
The extensively used Thomas-Fermi approximation consists in neglecting the quantum pressure terms in the equations (32) at sufficiently high densities of condensate particles. The obtained estimate establishes the range of validity of Thomas-Fermi approximation.
The solution of Eq. (32) for the harmonic trap is published in Ref. 55 , the vortex solution is discussed in Ref. 34 .
V. NONCONDENSATE PARTICLES A. Matrix Green's function
We can represent the quadratic part of the action S quad as a quadratic form
where the Green's function has a matrix structure
and can be written as
Here G −1
are the inverse exciton and photon Green's functions given by (18) and (25), respectively.
We can rewrite (49) as
where Σ is a matrix formed by self-energies. Multiplying this equation from the left by G (0) and from the right by G −1 we obtain the Dyson equation G = G (0) +G (0) ΣG. Some Green's functions from G are presented in Fig.  1 . We will only consider the case of a uniform system V ex (x) = 0. The exciton and photon single-particle energies have the form
Substituting µ, Eqs. (18) and (25) into (49) gives where we introduced the energies as
Hereafter, we denote n ex 0
by n 0 and replace χ 0 by √ n 0 e iφ .
B. Spectrum
The determinant of the matrix G −1 (p, ω) is zero at the poles ω of the matrix G(p, ω). Equating the determinant to zero yields
Solving Eq. (55) for ω 2 , we obtain the polariton energy spectrum modified by the condensate:
. (56) In the absence of the condensate n 0 = 0, it follows from Eqs. (53), (54) 
p − µ, and equation (56) gives
which is equivalent tō
One can see that the spectrum turns into the energy dispersion of the lower and upper polaritons. In the absence of the Rabi splitting we havē
which gives the photon energy spectrum
and the exciton energy spectrum modified by the condensatē
The equation (61) is the Bogoliubov dispersion law. Here we assume µ = E 0 + V 0 n 0 as discussed in Section 4.
For small momenta p → 0 the lower branch takes the phonon-like formh
where v s is the sound velocity. Assuming that α = m ph /m ex = 0, V 0 n 0 ≪hΩ, which is commonly encountered in practice, the velocity can be estimated as follows:
At p → 0 the upper branch has the form
in the limit V 0 n 0 ≪hΩ, and
in the approximation α = m ph /m ex = 0, V 0 n 0 ≪hΩ. In the limit of large momenta p → ∞ the lower polariton branch turns into the dispersion law of free excitons
IfhΩ = 0, the square root should be taken with the negative sign; this corresponds to µ = E 0 + V 0 n 0 . The upper branch for p → ∞ takes the similar form
The outlined properties of the polariton spectrum modified by the condensate are shown in Fig. 2 . We see that the energy and momentum of the polariton resonance increase with the condensate density. This resembles a positive detuning between the exciton and photon modes.
C. Polariton basis
Let us now diagonalize the matrix G −1 . The diagonalization does not reduce to straightforward determination of the eigenvalues because of opposite signs in front of ihω k in the diagonal elements of the matrix (52) . An option is to consider the generalized eigenvalue problem 68 ). However, we suggest a different approach: to multiply the two lower rows of G −1 by −1 and thus obtain the standard eigenvalue problemG 
The Hermitian conjugation with respect to the old and new scalar products is given by the formulae
One can obtain the following relationship between the operators O and O + :
The new scalar product is chosen in such a way that the equation (G −1 ) =G −1 holds. Therefore the operator G −1 is Hermitian with respect to the scalar product (69) and its eigenvalues are real:G −1 ξ = λξ, λ =λ , if the norm of the vector ξ is nonzero: ((ξ, ξ)) = 0.
Let us perform the transformation from the excitonphoton basis (χ, ψ,χ,ψ) to the polariton basis
, where P (L) and P (U) describe the lower and upper polaritons, respectively. We shall carry out the canonical transformation
, and ν (L,U) ψp are the unknown coefficients to be found.
It is clear that
and therefore the two bases are related to each other by the equation
Let us denote the matrix in the right-hand side by B. The diagonalization of a Hermitian matrix implies the use of a unitary matrix, which columns are normalized eigenvectors of the Hermitian matrix. Let us assume that the columns of the matrix B + are the normalized eigenvectors of the operatorG −1 , i.e. we havẽ
wherẽ
The columns of the matrix B + are normalized with respect to the scalar product ((•)), i.e. their components satisfy the equation
The components of the eigenvectors can be found from the equationsG −1 ξ = (hω − ihω k ) ξ. We obtain the following relationships between the coefficients of the transformation:
Using (77) and (78) we can find η 
Bringing these equations to the form similar to that of Eqs. (83) and (84), we obtain the coefficients η
, and ν In addition, the presence of the condensate shifts the balance between the excitons and photons to the photons in both polariton branches. Apparently, it is a consequence of the positive detuning between the exciton and photon modes discussed in Section 5.2. It is worth pointing out that exciton-photon interaction causes an extremely slow decay of the coefficient ν
χp .
D. Occupation numbers
We can find the noncondensate exciton density taking into account that n
Using Eq. excitons we obtain the expression
which is the standard momentum distribution of noncondensate particles in the Bogoliubov model. Both terms in (99) are equal to zero, i.e. there are no photons in the lower polariton branch. The first term in (100) equals −1/2 and the brackets' coefficient equals 1. Thus for photons we obtain
which is the standard distribution of particles in the ideal Bose gas. In Fig. 4 we plot the noncondensate exciton and photon distributions at zero temperature. At small momenta the exciton distribution is linearly decreasing starting from some finite value:
but then it starts increasing with growth of momentum. Such behavior is a consequence of very slow drop of the coefficient ν further behavior of the exciton noncondensate distribution is shown in the inset of Fig. 4 ,a. It is seen that the distribution drops off at very large momenta. It is worth noting that the population of the upper polariton branch is high (comparable with that of the low polariton branch). This population increases with the condensate density. The maximum of the population corresponds to the region of the polariton resonance and shifts to large momenta with the growth of the condensate density.
VI. COUPLED BOGOLIUBOV-DE-GENNES-LIKE EQUATIONS
In order to investigate the inhomogeneous case we introduce the operatorŝ
and solve the following eigenvalue problem: Thus, we obtain a set of equations which is an analog of the Bogoliubov -de Gennes system of equations and describes excitations in the system of coupled condensates of photons and excitons: This equation is analogous to Eq. (77) and can be obtained in the same manner.
The solutions of the set of equations (107) are out of the scope of the present discussion and will be published elsewhere.
VII. CONCLUSIONS
In conclusion, the central result of the work is the canonical transformation from the basis of excitons and photons to the basis of lower and upper polaritons in the presence of the condensate. The transformation coefficients we obtained can be called the Hopfield coefficients renormalized by the condensate.
The path integral method we used has essentially more abilities than were demonstrated in the work. The method opens an effective way to analyze the formation and dynamics of a non-equilibrium condensate. The two-component approach based on the path integral method leads to the two-component diagram technique, which was briefly presented (Fig. 1) , but not applied. All this aspects will be discussed in future works.
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